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We examine a case study where classical evolution emerges when observing a quantum evolution.
This a single-mode quantum Kerr evolution interrupted by measurement of the double-homodyne
kind projecting the evolved field state into classical-like coherent states or quantum squeezed states.
We show that irrespective of whether the measurement is classical or quantum there is no quantum
Zeno effect and the evolution turns out to be classical. We provide a practical scheme to perform
such measurements.
I. INTRODUCTION
The proper relation between the quantum and classical
theories has been a subject of interest, research and de-
bate from the very beginning of the quantum theory. And
this refers in special to quantum measurement processes
and their effects. We may say that at a fundamental level
the issue is not solved yet.
Leaving aside mere formal mathematical limits such
as h¯→∞ that are unpractical and provide little under-
standing, the most popular account refers to decoherence
as the practical mechanism by which quantum paradoxes
disappears leading to the emergence of the classical world
[1–4].
Decoherence is the result of the coupling of the system
with a large enough environment. Both system and envi-
ronment are modified by this coupling in different forms
according to their different size and complexity. The key
point for us is that this is the basis of measurement on its
more pure form. Inspired by this reasoning, in this work
we follow a promising avenue of research which may be
formulated in this way: Classical mechanics is an ob-
served quantum dynamics [4].
We prove this idea in a very specific arena. This
is a nonlinear single-mode Kerr effect [5], which pro-
duces notable quantum phenomena, such as revivals and
Schro¨dinger cat states, for example [6–8]. The evolution
is observed via a complex-amplitude measurement of the
kind of double-homodyne detection that, depending on
its balanced or unbalanced setting, is governed by projec-
tion on classical-like coherent states or quantum squeezed
states, respectively [9–11]. The idea is that these mea-
surements may be fuzzy enough to respect the details
of the evolution. In this regard, coherent and squeezed
states form a variety isomorphic to the phase space, in
our case a plane. Moreover we discuss the lack of Zeno
effect in this model.
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II. CLASSICAL DYNAMICS
The Hamiltonian describing the nonlinear part of a
single-mode propagation through a Kerr medium is of
the form [5]:
Hc = χ|α|4, (2.1)
where χ is the corresponding nonlinear susceptibility in
appropriate units, and α is the dimensionless complex
amplitude of the field mode. For definiteness we con-
sider the interaction picture where we focus just on the
effects caused by the nonlinear term (2.1). The evolution
can be described by the differential equation obtained via
Poisson brackets as
α˙ = {α,Hc} , {A,B} = −i (∂αA∂α∗B − ∂α∗A∂αB) ,
(2.2)
after the usual relation between complex and real vari-
ables
α =
1√
2
(q + ip). (2.3)
This results in
α(t) = αe−iΩt, Ω = 2χ|α|2 , (2.4)
where it must be noticed that |α| is a constant of the
motion.
III. UNOBSERVED QUANTUM EVOLUTION
The quantum version of the Hamiltonian (2.1) is
H = h¯χnˆ2, nˆ = a†a, (3.1)
where nˆ is the photon-number operator, and a is the
complex-amplitude operator satisfying the commutation
relation [a, a†] = 1. In the quantum case we find ad-
vantageous to express the evolution via the action of the
unitary operator
U(t) = e−itχnˆ
2
. (3.2)
For the sake of illustration we may consider the evolu-
tion of the mean value of a when the field is initially in
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2FIG. 1: Collapses and revivals on an unobserved Kerr evolu-
tion of the real part of 〈a〉 as a function of χt for an initial
coherent state with α = 4.
a Glauber coherent state |α〉, defined by the eigenvalue
equation a|α〉 = α|α〉 [12–16]. The result is
〈a〉 = αe−2|α|2 sin2(χt)e−i[χt+|α|2 sin(2χt)]. (3.3)
In Fig. 1 we represent the evolution of the real part of 〈a〉
for α = 4, showing the structure of collapses and revivals
as a consequence of the creation of Schro¨dinger cat states
[6–8].
IV. OBSERVED QUANTUM EVOLUTION
A. Measurement
In the following we may find convenient the decompo-
sition of a in terms of quadrature operators qˆ, pˆ as in
Eq. (2.3) satisfying the typical position-linear momen-
tum commutation relation
a =
1√
2
(qˆ + ipˆ), [qˆ, pˆ] = i. (4.1)
As a suitable measurement we will consider the pro-
jection on displaced states
|z〉 = D(z)|ψ〉, z =
(
q
p
)
, (4.2)
where D(z) is the displacement operator
D(z) = eαa
†−α∗a, (4.3)
with the relation between complex and real variables in
Eq. (2.3), and |ψ〉 can be in principle any state. For
the whole procedure it is crucial that the state-labels,
either in the vector form z or in the complex scalar α,
form a variety isomorphic to the phase space of the ob-
served system. So the outcomes z can be regarded as an
observation of the phase space.
If |ψ〉 = |0〉 is the vacuum state, then |z〉 are
Glauber coherent states universally considered as the
most classical-like pure states [12–15]. If |ψ〉 is a squeezed
vacuum state then |z〉 are squeezed coherent states, and
so clearly nonclassical [16]. So, this simple model includes
projection on classical or nonclassical states. Moreover
some other possibilities may be considered for |ψ〉. In
any case, for simplicity we will always assume that
〈ψ|a|ψ〉 = 0. (4.4)
We recall that for any |ψ〉 the states |z〉 provide a res-
olution of identity [17]
1
2pi
∫
dz|z〉〈z| = I, (4.5)
where dz = dqdp, and I is the identity.
B. Process
For simplicity we consider that the initial sate belongs
to this same measurement family |z〉, and will be de-
noted by |z0〉. The quantum evolution from t = 0 to t is
interrupted N times at times tj = jτ , j = 1, 2, . . . N , to
perform a measurement whose effect is the projection of
the system state on some vector |zj〉. So we have a se-
ries of N continuous evolution during a time τ governed
by the action of the unitary operator interrupted by N
sudden jumps from U(τ)|zj〉 to |zj+1〉.
The fundamental quantity regarding the observed evo-
lution is the conditional probability
p(zj+1|zj) = 1
2pi
|〈zj+1|U(τ)|zj〉|2 . (4.6)
This defines a quantum trajectory represented by a se-
ries of measurement results z0, z1, z2, . . . that occur with
probability
p(z1, . . . zN ) = p(zN |zN−1)p(zN−1|zN−2) · · · p(z1|z0).
(4.7)
This is a Markovian process as far as there is no memory,
this is, the transition probability from zj to zj+1 does not
depend on the preceeding results zj−1, zj−2, . . ..
In most situations we will no interested in keeping
track of the intermediate results, being just interested in
the final distribution for the last outcome z = zN after a
total evolution time t = Nτ , which is
pN (z|z0) =
∫
d2z1 · · · d2zN−1p(z|zN−1) · · · p(z1|z0).
(4.8)
Roughly speaking, we may imagine that the result is
some random deviation from a mean drift caused by the
Hamiltonian part of the evolution. The fundamental
question to be addressed here is whether this drift resem-
bles the classical evolution or not, and if so, which is the
3particular effect of the measurement. We will also pay
attention to examine whether there is any difference be-
tween measurements projecting on classical or quantum
states, i. e., between quantum or classical measurements
[18].
C. Linear approximation
Any progress along this line involves the computation
of the transition probability p(zj+1|zj) in Eq. (4.6). This
is in general rather awkward unless some suitable approx-
imations might be made. Here we are going to consider
that when τ → 0 we can approximate U(τ) by a linear
transformation, this is
U†(τ)zˆU(τ) 'M(τ)zˆ, zˆ =
(
qˆ
pˆ
)
, (4.9)
where M(τ) is a symplectic matrix,
MTΩM = Ω, Ω =
(
0 1
−1 0
)
, (4.10)
and the superscript T denotes matrix transposition. This
condition on M grants the preservation of the commu-
tation relations, or, equivalently, the Poisson brackets in
the classical domain.
For our Kerr evolution this approximation is valid
when we consider not too quantum and intense enough
fields, so that n¯  1 and ∆n/n¯  1. This allows us to
approximate nˆ2 by
nˆ2 ≈ n¯2 + 2n¯(nˆ− n¯) + . . . ≈ 2n¯nˆ− n¯2, (4.11)
where n¯ is the mean number of photons of the initial
state, that is a constant of the motion of the Kerr evolu-
tion. So, for our purposes we have
U(τ) ' e−2iχn¯τnˆ, (4.12)
and the associated symplectic matrix is
M(τ) =
(
cos(Ωτ) sin(Ωτ)
− sin(Ωτ) cos(Ωτ)
)
, (4.13)
where
Ω = 2χn¯. (4.14)
Note that Eqs. (4.9), (4.13), and (4.14) are fully equiv-
alent to the Ω in the classical evolution (2.4) after Eq.
(2.3).
D. Observed evolution via measurement on
classical and nonclassical states
Next we analyze the effect of the measurements. The
basic transition probability (4.6) can be computed using
the Wigner-function representation [16, 21]. This is be-
cause of two key properties of Wigner functions: i) Under
linear transformations Wigner functions transform as a
classical probability distribution by a simple transforma-
tion of arguments, say that for the transformation (4.9)
we have
W (z; t) = W
[
M−1(τ)z; 0
]
. (4.15)
This includes as well displacements D(z) so the Wigner
functions of the vectors |zj+1〉 and U(τ)|zj〉 in Eq. (4.6)
are, respectively,
W (z − zj+1), W
[
M−1(τ)z − zj
]
, (4.16)
where W (z) is the Wigner function of the state |ψ〉. ii)
The scalar product of vectors can be computed by the
overlap of their Wigner functions, i. e.,
|〈ϕ|ψ〉|2 = 2pi
∫
dzWϕ(z)Wψ(z). (4.17)
Therefore the transition probability (4.6) can be ex-
pressed as
p(zj+1|zj) =
∫
dzW (z − zj+1)W
[
M−1(τ)z − zj
]
,
(4.18)
so we are ready to compute p(z|z0) via the chain in Eq.
(4.8). To this end we prove by induction the following
theorem:
pN (z|z0) = WN
[
M−N (τ)z − z0
]
, (4.19)
where WN (z) are functions to be determined. The key
point of the theorem is that the complete dependence on
the initial z0 and final z phase-space-like coordinates is
exclusively of the form M−N (τ)z− z0, which is precisely
the classical evolution (4.15) as far as
MN (τ) = M(Nτ) = M(t), (4.20)
which is specially clear regarding the Kerr case in Eq.
(2.4). The difference with the classical case is the change
of the functional form WN (z) with the number of mea-
surements N .
So we begin with the first link in the chain (4.8), this
is (4.6),
p(z1|z0) =
∫
dzW (z − z1)W (M−1z − z0), (4.21)
4and for simplicity we skip the dependence on τ . We per-
form the unit-Jacobian change of variables z′ = z− z1 to
get
p(z1|z0) =
∫
dz′W (z′)W
(
M−1z1 − z0 +M−1z′
)
,
(4.22)
which proves that p(z1|z0) depends on z1 and z0 just on
the form M−1z1 − z0. For definiteness let us define the
function
W1(z) =
∫
dz′W (z′)W
(
z +M−1z′
)
(4.23)
so that
p(z1|z0) = W1
(
M−1z1 − z0
)
. (4.24)
To proceed via induction now we assume that after j
measurements pj(zj |z0) is of the form
pj(zj |z0) = Wj(M−jzj − z0), (4.25)
and we have to demonstrate that pj+1(zj+1|z0) fulfills
the theorem. We begin with
pj+1(zj+1|z0) =
∫
dzjp(zj+1|zj)pj(zj |z0), (4.26)
so that
pj+1(zj+1|z0) =
∫
dzjW1(M
−1zj+1−zj)Wj(M−jzj−z0),
(4.27)
that after the unit-Jacobian change of variables
z′ = M−1zj+1 − zj , zj = M−1zj+1 − z′, (4.28)
becomes
pj+1(zj+1|z0) =
∫
dz′W1(z′)Wj
[
M−j
(
M−1zj+1 − z′
)− z0] ,
(4.29)
which clearly shows that pj+1(zj+1|z0) depends on zj+1
and z0 just on the form M
−(j+1)zj+1 − z0
pj+1(zj+1|z0) = Wj+1
(
M−(j+1)zj+1 − z0
)
. (4.30)
This satisfies the theorem simply defining
Wj+1(z) =
∫
dz′W1(z′)Wj
(
z −M−jz′) . (4.31)
This completes the proof.
This includes classical as well as nonclassical measure-
ments since the states |z〉 can represent classical-like co-
herent states, as well as clearly nonclassical states such
as arbitrary squeezed states, or even displaced number
states or many other sophisticated nonclassical states.
The differences regarding particular choices of |ψ〉
means a different structure for the fluctuations around
the classical trajectory represented by WN (z). This is
the factor that includes the nonclassical features of the
measurement, as far as such fluctuations are of quantum
origin.
E. Gaussian states
Next we may proceed computing explicitly the function
WN (z) in the case of squeezed coherent states, where we
can take advantage of the fact that the Wigner function
of |ψ〉 is a Gaussian, which by hypothesis is centered at
the origin, say
W (z) =
1
2pi
√
detC
e−z
TC−1z/2, C =
1
2
(
e2r 0
0 e−2r
)
,
(4.32)
where r is a compression parameter. After the convolu-
tions in Eqs. (4.23) and (4.31) it is clear that all Wj(z)
are Gaussians centered at the origin, say
Wj(z) =
1
2pi
√
detCj
e−z
TC−1
j
z/2, (4.33)
where Cj is the corresponding covariance matrix
Cj =
∫
dz zzTWj(z). (4.34)
Let us derive a recursive relation for Cj . Starting from
Eq. (4.31), and after a tricky change of variables of the
form z′′ = z −M−jz′ we get in few steps to
Cj+1 = Cj +M
−jC1
(
M−j
)T
, (4.35)
that leads to
CN =
N−1∑
j=0
M−jC1
(
M−j
)T
. (4.36)
To simplify calculus we may take into account that we
are interested in the limit τ → 0 so that the above sum
might be approximated by an integral
CN =
N−1∑
j=0
M−jC1
(
M−j
)T ' 1
τ
∫ t
0
dt′M(−t′)C1MT (−t′),
(4.37)
where we have used that M−1(t) = M(−t). Since
t = Nτ , we have CN ∝ N and uncertainty around the
classical trajectory grows with the number of measure-
ments.
It might be interesting to examine the properties of
the noise added by the observation. This may be es-
timated from CN via detCN which is the Robertson–
Schro¨dinger form of phase-space uncertainty relations,
being detCN = 1/4 the quantum limit satisfied equally
by coherent and squeezed states as minimum uncertainty
states.
In the case of a classical-like measurement given by
projection on Glauber coherent states, this is r = 0 in
5Eq. (4.32), so that C = I/2, where I is the 2×2 identity.
Then we get that C1 = I so after Eq. (4.36) we readily
obtain
CN = NI, (4.38)
This shows clearly that the only effect of the observation
is to increase the quantum uncertainty around the clas-
sical trajectory in a way proportional to the number of
measurements N .
In the particular case of measurements performed on
displaced squeezed states, i. e., r 6= 0 in Eq. (4.32) we
get
C1 =
(
cosh(2r) + cos2(Ωτ) sinh(2r) 12 sin(2Ωτ) sinh(2r)
1
2 sin(2Ωτ) sinh(2r) cosh(2r)− cos2(Ωτ) sinh(2r)
)
. (4.39)
With this CN in Eq. (4.36) and its determinant can be
computed analytically in all cases, although it leads to
expressions too long to be useful. Fortunately, in some
meaningful limits suitable approximations can be de-
rived. We consider two limits. On the one hand Ωτ  1,
which is consistent with the linear approximation (4.11).
On the other hand, we are interested in the limit Ωt 1
so that the Hamiltonian evolution has time to develop
itself. Combining Ωτ  1 and Ωt  1 implies N  1.
In this case the leading term of the exact (4.36) gives
detCN = N
2 cosh2(2r), (4.40)
which coincides with the integral approximation in Eq.
(4.37). We get that the uncertainty increases with regard
to the classical like observation in a factor depending
on the compression parameter, in agreement with the
quantum origin of these fluctuations.
V. IMPLEMENTATION OF THE
MEASUREMENT
For completeness let us present a practical scheme for
the proposed measurement following classic proposals on
the subject [19, 20]. We focus on the case where |z〉
are coherent states a|z〉 = α|z〉 where α is in Eq. (4.3).
Nevertheless, the analysis is equally valid for the squeezed
case simply replacing throughout a by b and α by β, being
b = cosh ra−sinh ra†, β = cosh rα−sinh rα∗, (5.1)
for some suitably defined r and α, since we have
b|z〉 = β|z〉. (5.2)
The procedure is schematized in Fig. 2. Let us cou-
ple the system variable a with some variable P of some
auxiliary system that will receive via the coupling the
information about a. More specifically our coupling will
produce a transformation Vˆ in the joint system and aux-
iliary variables of the form:
Vˆ |φs〉|φs〉 = e−i(aP
†+a†P)|φs〉|φa〉, (5.3)
FIG. 2: Scheme illustrating the measurement process.
where |φs〉 and |φa〉 are the pre-measurement states
of the system and auxiliary variables.We assume that
[P, P †] = 0 so we can use the disentangling formula of
Baker, Campbell and Hausdorff
e−i(aP
†+a†P) = e−iaP
†
e−ia
†P eP
†P/2, (5.4)
and then
Vˆ |φs〉|φa〉 = e−iaP †e−ia†P |φs〉eP †P/2|φa〉. (5.5)
We suitably insert the resolution of the identity (4.5)
Vˆ |φs〉|φa〉 = 1
2pi
∫
dze−iaP
† |z〉〈z|e−ia†P |φs〉eP †P/2|φa〉,
(5.6)
and then we use that a|z〉 = α|z〉 and its Hermitian con-
jugate to get after rearranging factors
Vˆ |φs〉|φa〉 = 1
2pi
∫
dz〈z|φs〉|z〉e−i(αP
†+α∗P)eP
†P/2|φa〉,
(5.7)
that can be also expressed as
Vˆ |φs〉|φa〉 = 1
2pi
∫
dz〈z|φs〉|z〉|φa(z)〉, (5.8)
6being
|φa(z)〉 = e−i(αP
†+α∗P)eP
†P/2|φa〉. (5.9)
If the measurement is good then the states |φa(z)〉 will
be clearly distinguishable for different values of z so that
a suitable measurement on the auxiliar degrees of free-
dom will reveal a particular z so the system state will be
projected to the corresponding |z〉 with probability pro-
portional to |〈z|φs〉|2. So our proposal works and we just
finish by presenting the measurement to be performed on
the auxiliary space.
For example let us decompose P as P = (Px+iPy)/
√
2
being Px,y two independent linear momentum operators
acting on independent Hilbert spaces with the associated
position operators X,Y such that [X,Px] = [Y, Py] = i
and [Px, Py] = [X,Y ] = [X,Py] = [Y, Px] = 0, being
|x, y〉, |px, py〉 the corresponding eigenstates with
〈x, y|px, py〉 = 1
2pi
ei(pxx+pyy). (5.10)
Since linear momentum generates position translations
the proper measurement in the auxiliary space is the mea-
surement of the pair X, Y . So let us compute 〈x, y|φa(z)〉
to find the reduced state in the system state and its prob-
ability. Besides α = (q + ip)/
√
2 we will use that
αP †+α∗P = qPx+pPy, P †P =
1
2
(
P 2x + P
2
y
)
. (5.11)
In 〈x, y|φa(z)〉 we insert a suitable resolution of the iden-
tity in momentum representation
〈x, y|φa(z)〉 =
∫
dpxdpy〈x, y|px, py〉e−i(qpx+ppy)
×e(p2x+p2y)/4〈px, py|φa〉. (5.12)
Finally, as auxiliary state |φa〉 let us consider a Gaussian
state with the following wave function in momentum rep-
resentation
〈px, py|φa〉 = 1√
2pi
e−(p
2
x+p
2
y)/4, (5.13)
that after a little algebra leads to
〈x, y|φa(z)〉 =
√
2piδ (q − x) δ (p− y) . (5.14)
Therefore, the reduced state in the system variables
conditioned to the outcome x, y in the measurement of
X and Y on the auxiliary system is
〈x, y|Vˆ |φs〉|φa〉 = 1√
2pi
〈z|φs〉|z〉, z =
(
x
y
)
. (5.15)
VI. CONTEXTUAL ZENO EFFECT
The situation where a dynamics is frequently inter-
rupted to detect whether the state remains in the initial
state typically leads to the Zeno effect [22–24]. Our mon-
itoring of the evolution falls withing the category since
each measurement checks whether the evolved state is
one member of the family of states |z〉. Since the initial
state |z0〉 belongs to this family we are actually checking
whether the evolved state continues in the initial state
|z0〉. This is the usual scenario that leads to Zeno effect
in the form of a complete stop of the evolution freezing
the system in the initial state |z0〉. But this does not
occur in our case, the evolution is no stopped. We think
this may deserve a brief analysis.
The key point is the nature of the family of states
where the measurement projects. For example, let us
consider a dichotomic measurement with just two pro-
jectors
∆(0) = |z0〉〈z0|, ∆(¬0) = I − |z0〉〈z0|, (6.1)
where |z0〉 is the initial state. The standard Zeno analysis
leads to a survival probability P0 that tends to one as
measurement tends to be more frequent, i. e.,
P0 >∼ e−∆
2nˆ2(χt)2/N , (6.2)
so P0 → 1 as N → ∞, where the right-hand side is
computed assuming that all measurement results confirm
that the system is in state |z0〉.
The situation is completely different if the projection
on the initial state |z0〉 is embedded on a continuous fam-
ily of nonorthogonal projectors, such as in the measuer-
ment we ara considering in this work, this is
∆(z) =
1
2pi
|z〉〈z|, (6.3)
and naturally a key point is the factor 1/(2pi). Let
us compute in this case the survival probability in the
best possible scenario Ωt = 2mpi for integer m so that
M−Nz0 − z0 = 0. After Eqs. (4.19), (4.33) and (4.38)
for a measurement projecting on coherent states
P0 = pN (z = z0|z0) = 1
2pi
√
detCN
∝ 1
N
, (6.4)
so that P0 → 0 as N →∞.
During an infinitesimal evolution the state moves from
|z0〉 to an infinitesimally close state U(τ)|z0〉, and it turns
out that within the family |z〉 there may be a neighbour
state |z〉 different from |z0〉 which turns out to be closer to
the infinitesimally evolved state U(τ)|z0〉 than |z0〉. This
never happens if the measurement states are not so close
enough, say as in Eq. (6.1). This to say that the Zeno
effect is very sensible to the way in which the projection
on the original state |z0〉〈z0| is embedded. In this way
we may say that the Zeno effect is contextual.
7A. Overlapping kills the Zeno effect
Let us try to elucidate further the reasons explaining
the lack of Zeno effect. Regarding the measurement ba-
sis |z〉 there are multiple characteristics that might con-
tribute, such as continuity, overcompleteness, and over-
lapping between different |z〉. We can present an ex-
tremely simple scenario with discrete outcomes and with-
out overcompleteness, where the only explanation for the
lack of Zeno effect is the overlap between POVMs ele-
ments.
Let us consider a two-dimensional space spanned by
two orthogonal states |1〉, |2〉 and the following POVM,
in such basis
∆1 = cos
2 α
(
1 0
0 0
)
, ∆2 =
(
sin2 α 0
0 1
)
, (6.5)
assuming that the outcome-dependent reduced states af-
ter the measurement are the corresponding normalized
states
ρ1 =
(
1 0
0 0
)
, ρ2 =
1
1 + sin2 α
(
sin2 α 0
0 1
)
, (6.6)
being ρ1 always the initial state. Note that the POVM
is discrete, with just two only outcomes, so there is dis-
creteness and no overcompleteness, while there is a clear
overlap depending on the free parameter α:
tr (∆1∆2) =
1
4
sin2(2α). (6.7)
Let the evolution be governed by the Hamiltonian
H = h¯ω
(
0 1
1 0
)
, (6.8)
so that
U(τ) = e−iHτ/h¯ =
(
cos(ωτ) −i sin(ωτ)
−i sin(ωτ) cos(ωτ)
)
. (6.9)
The fundamental conditional probability reads in this
case
p(j|k) = tr [∆jU(τ)ρkU†(τ)] , (6.10)
which can be suitably arranged in a 2× 2 matrix as
T =
(
p(1|1) p(1|2)
p(2|1) p(2|2)
)
, (6.11)
with
p(1|1) = cos2(α) cos2(ωτ),
p(2|1) = sin2(α) cos2(ωτ) + sin2(ωτ),
p(1|2) = cos
2(α)[cos2(ωτ) sin2(α)+sin2(ωτ)]
1+sin2(α)
,
p(2|2) = cos
2(ωτ)[1+sin4(α)]+2 sin2(α) sin2(ωτ)
1+sin2(α)
. (6.12)
Regarding the survival probability we are interested in
quantum trajectories of the form
p(1, j, k, . . . ,m, 1) = p(1|j)p(j|k) · · · p(m|1). (6.13)
When we are not interested in the intermediate results
the survival probability becomes
p0 =
∑
j,k,...,m=1,2
p(1|j)p(j|k) · · · p(m|1). (6.14)
This is actually the matrix element (TN )1,1 of the matrix
MN , where N is the number of measurements.
Let us first focus on the typical Zeno effect, in which
all outcomes confirm that the state remains always at
the initial state. In this case, after N measurements, this
occurs with probability
p(1, 1, . . . , 1) = cos2N (α) cos2N (ωτ), (6.15)
that in the limit N  1 and small enough τ = t/N ,
where t is the total evolution time, becomes
p(1, 1, . . . , 1)→ cos2N αe−ω2t2/N . (6.16)
This clearly tends to zero as N increases for the overlap-
ping case sin(2α) 6= 0.
On the other hand, when we are not interested in the
intermediate results, we have that, after some little alge-
bra, the survival probability (6.14) becomes
p0 =
cos2 α
2
+
(
1− cos
2 α
2
)[
cos2 α cos(2ωτ)
2− cos2 α
]N
.
(6.17)
When there is overlap, i. e., sin(2α) 6= 0, we get lack
of Zeno effect, as far as for N → ∞ only the first term
survives:
p0 → cos
2 α
2
, (6.18)
pointing to the overlap between POVM elements as the
key feature inhibiting Zeno effect, the larger the overlap
the lesser the survival probability. We also note that
there is no classical-like evolution because the observation
provides no enough density of states.
To further investigate the interplay between Zeno and
lack of Zeno effect, we may consider the situation in which
the overlap may depend on the number of measurements
N through α in such a way that α → 0 as N → ∞.
When N  1 and α  1 we get that (6.17) can be
approximated as
p0 ' 1
2
(
1 + e−2Nα
2
e−2ω
2t2/N
)
. (6.19)
So if α tends to 0 faster that 1/
√
N Zeno effect occurs,
while otherwise there is no Zeno effect.
8VII. CONCLUSIONS
We have presented a simple model where the observa-
tion of quantum dynamics leads to a fully classical evolu-
tion. We think there are some interesting points worth to
be followed. We have obtained the same classical trajec-
tory for classical as well as for quantum measurements.
Nevertheless in general there are differences between both
classes of observation in the structure and the amount of
the uncertainty around the classical trajectory. This is
interesting as far as such noise is of pure quantum origin
purely introduced by the observation.
Seemingly there are two basic features that might be
further pursued. On the one hand the manifold of mea-
surement outcomes is isomorphic to the phase space of
the problem. On the other hand the possibility of approx-
imating infinitesimal transformations by linear transfor-
mations. Both points can be strongly dependent on the
basic variables and operators used to parametrize both
the measurement and the phase space. So we cannot ex-
clude that these results might be universal under a suit-
able choice of variables adapted to the problem at hand.
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